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1 Introduction

The study of the variation of the mechanical properties along structural lumber has

been a recurring subject in the field of timber engineering for the past four decades.

The results can be used straight forward in the analysis of size effects in laminations

subjected e.g. to pure tension loading (Showalter et al., 1987; Lam and Varoglu, 1991;

Taylor and Bender, 1991; Isaksson, 1999), but, most importantly, the study of the length-

wise variation of the material properties serves as a corner stone in the development of

complex numerical strength models for glued laminated timber (GLT) beams (Ehlbeck

and Colling, 1987; Blaß et al., 2009; Frese et al., 2010; Fink, 2014). Here, it sets the

necessary underlying stochastic variability model for the laminations, which, together

with the properties of the finger-joints, determines the strength characteristics of GLT

beams.

Mainly two types of models are used for the simulation of the variation of properties

within the boards. One comprises the use of a set of fitted linear regressions comprising

a set of correlated variables, like knot area ratio (KAR), modulus of elasticity (MOE) and

density (ρ). This is used by Ehlbeck and Colling (1987), Isaksson (1999) and Blaß et al.

(2009) in their respective models. Alternatively, the variability can be described as an

autoregressive (AR) process of different orders, where the serial correlation and cross-

correlation coefficients are considered. This approach used by Kline et al. (1986) for the

MOE variation, and Taylor and Bender (1991) regarding MOE and ft variation, with AR

models of order 2 and 3, respectively. Similar to the latter approach, Lam and Varoglu

(1991) used amoving average (MA)model of order 3 for the tensile strength. Themodel

used by Lam and Varoglu differs from an AR model by the fact that in a MA process the

previous innovation values, typically representing white noise, are weighted instead of

the previous computed values.



The latter type of models were calibrated by Kline et al. (1986), Taylor and Bender

(1991) and Lam and Varoglu (1991) with data obtained from tensile tests, where win-

dow lengths between 610mm and 762mm were used for the measurement of MOE

and/or strengths. These measurement lengths are fairly large when compared to the

windows of 150mm used to obtain the KAR and densities values used in the former

models by Ehlbeck and Colling (1987). This is especially true, when the length of the

boards used in some currently produced oak GLT beams can be in the same length range

of around 600mm (see e.g. ETA-13/0642 (2013)). Another problem with the models

of Kline et al. (1986), Lam and Varoglu (1991) and Taylor and Bender (1991) consists in

the explicit disregard of stiffness and strength indicators such as the KAR and density.

These indicators, especially the KAR value, can be useful in a further refinement of the

model.

This paper presents the first state of a newly developed stochastic model for the simu-

lation of the variation of MOE and tensile strength along oak lumber boards. In a first

part, experiments made on a total of 47 oak boards of 2.5 m length will be presented,

where the MOE variation was measured over a length of 1.5m in windows of 100mm,

giving a total of 15measurements per board. Further, themaximumpossible number of

tensile strength values for each board was obtained, by successively testing the pieces

not damaged after the initial failure. In the second part, an autoregressive model for

the MOE and tensile strength is developed.

2 Experimental campaign with oak boards

2.1 Material

The variation of the modulus of elasticity was measured in a batch of oak boards (Quer-

cus robur), originating from France, delivered by the company Scierie Mutelet, Rahon,

France. The batch consisted of a total of 47 boards and contained a mixture of ap-

pearance grades QF2 and QF3, according to EN 975-1 (2009), which were classified in a

follow-up grading at the MPA, University of Stuttgart, according to the LS strength grad-

ing classes described in DIN 4074-5 (2008). The different appearance grades enable a

variable degree of knotiness and grain deviation in the sample, which leads to different

amounts of variation in the MOE measurements of each board. The nominal dimen-

sions of the specimens were 2500mm × 175mm × 24mm (length × width × thickness)

and themoisture content (measured with a pin-type resistancemeter) was 10.2% (COV

= 4.6%).

2.2 MOE and tensile strength measurements

An experimental campaign was set-up to measure the variation of the modulus of elas-

ticity along the board and fiber direction for oak boards. A total of 47 boards were

tested in tension in a servo-hydraulic universal testing machine (max. load 600 kN). The



boards were placed in the testing machine as shown in Fig. 1. The free length between

the grips was about 1700mm, providing approx. 350mm of clamping length at both

ends.
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Figure 1. Used test set-up for the determination of the variation of the elastic modulus along the
boards.

The free length of each board was divided into 15 cells (windows) of length 100mm,

and the (mean) elongation was measured for every cell by means of a specific exten-

someter, as shown in Fig. 1. The extensometer consists of two U-shaped steel frames,

attached to the board bymeans of special screws, with two linear variable displacement

transducers (LVDTs) placed at diagonally opposite sides of the board cross-section for

themeasurement of the axial deformations (see Figs. 2a,b). The respective tests started

with a displacement-controlled loading of the board at a stroke rate of 0.04mm/min and

were stopped once a tensile load of 30 kN was reached. Then, the specimens were un-

loaded at a rate of 5 kN/s until zero load. After this, the extensometer was shifted to the

next cell and the described sequence of loading and displacement measurement was

repeated. The process described was performed for each cell within the free length.

In a subsequent step, the globalMOEwasmeasured over a length of 1500mm, equal to

the summed-up length of all the investigated cells in the board. This serves the purpose

of checking the overall quality of the measurements at the individual cells. (Note: if the

localmeasurements are correct, then the difference between themeasured globalMOE

(a) (b)

Figure 2. Extensometer used for the measurement of the deformations in the 100mm long cells.
(a) rear-side view; (b) lateral view. The used LVDTs can be seen in both figures.



and the global MOE computed with the local measurements (cell data) should be small

in relative terms.)

Finally, the boardswere tested in tension until failure occurred. The position (number of

the cell) where the board failed was recorded, in order to obtain a correlation between

tensile strength and MOE. If the remaining pieces of the board were not damaged, an-

other tensile test was performed on each one of the remaining parts, which allowed

to gather additional information regarding the distribution of the tensile strength along

the board. Due to the nature of some of the observed failures, a rigorous assignment of

the weak cell was not always possible. Nevertheless, a careful observation during and

after the test leads, in general, to the onset of the crack initiation, which most of the

times can be associated with a knot or extreme fiber deviation.

2.3 Measurement of knot-related variables and grain deviation

The position and dimensions of each knot larger than 5mmwas recorded using a digital

caliper gauge. For each knot, three dimensions were measured: the minimum and the

maximum diameter of the assumed ellipse, and the width taken perpendicular to the

principal axis of the board. These three variables allow for the later determination of the

rotation angle of the knot, which is represented by an ellipse. Knots (areas) at different

faces of the board, corresponding to the same knot volume, are marked with a unique

number. This information is used to digitally reconstruct the geometry of the knots

in each board and compute the KAR values for each cell, and globally, for the grading

according to DIN 4074-5 (2008).

The maximum grain deviation was manually measured for each board by means of a

special scriber. The determination of the grain deviation throughout the board is out

of the scope of this paper, but would certainly give additional, relevant information for

the MOE-tensile strength model.

3 Analysis of the experimental results

3.1 Modulus of elasticity

The longitudinal deformation measurements of each cell were used to compute the

MOE values, for which the mean value of both LVDTs was taken. In the evaluation,

only the data-points starting from 10 kN were considered, which helps to avoid possi-

ble non-linearities produced by slip-movements of the boards in the clamping areas at

the beginning of the loading regime. The analysis of the data showed, that all measure-

mentswerewithin the linear range, whichwas proven by computed squared correlation

coefficients, R2, almost equal to unity.

Similarly, the global MOE values (Eglob,test), measured with a gauge length spanning all

cells, weremeasured for each board and were then compared to the global MOE values



(Eglob,cells) computed directly from the local MOEs. The MOE Eglob,cells is obtained from

the known equation for springs connected in series, given by

Lglob

Eglob,cells ⋅ A
= ∑

i

ℓi,cell
Ei,cell ⋅ A

, (1)

where Lglob is the reference length (1500mm) over all 15 cells, Ei,cell are the MOEs mea-

sured for each cell and ℓi,cell is the cell length (100mm). The value A corresponds to the

cross-section area and it is only shown for completeness, since it cancels out in Eq. (1).

The comparison of the measured MOE with the computed global MOE showed a good

agreement Eglob,test/Eglob,cells = 1.01 ± 0.01.

3.2 Knot-related variables

The gathered data for the position and dimensions of the knots on the surface of the

boards is processed and plotted, in order to determine pairs of knots corresponding to

the same volume entity. This process was performed manually. With the data relating

the pairs of knots, a 3D model of each board with its knots was produced using the

python library python-occ (Paviot, 2018). Fig. 3 shows an example of one of these 3D

models, where the knots and the respective clear wood area of each studied cell can

be observed. The latter is used to compute the clear wood area ratio (CWAR), which is

the complement of the KAR value.

Figure 3. Post-processing of the gathered knot data, exemplary shown for board No. 50. The black
areas in front of each one of the cells correspond to the respective clear wood area ratio.

3.3 Relationship between modulus of elasticity, tensile strength and CWAR

The post-processed data obtained for MOE, tensile strength and CWAR allows for an

analysis of the relationships between them. Three specific relations were analyzed:

(a) the one between the MOE variation and the CWAR; (b) the correlation between



tensile strength and MOE; (c) and the correlation between tensile strength and CWAR.

Figs. 4a–d show theMOE and CWAR-value variation for four different tested specimens,

as well as the position of the weakest sections (cells observed to be responsible of the

global failure for each board). The chosen examples depict typical situations with differ-

ent observed coefficients of variation (COV) for theMOEs and different CWAR variations

throughout the boards.

From the information depicted in Figs. 4a–d (and from all the other boards studied)

it can be clearly seen that, as expected, most of the time the boards failed in regions

containing knots, which also exhibit relatively lower MOE values. It can also be seen,

that large variations of MOE can be observed in absence of knots, too (see Fig. 4c), and

that also in these situations the board will probably fail in this position. This indicates
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Figure 4. Variation of the measured MOE and CWAR (dashed line), weak sections and tensile
strengths for different specimens. The weakest sections are marked by a black wedge at the bottom
of each axis for every specimen; the red, straight line denotes the measured global MOE of all the 15
cells together (Eglob,test). (a) Specimen 64 is characterized by a relatively large COV for the MOE and a

rather small correlation with CWAR values; (b) Specimen 91 shows a small COV for the MOE with no
presence of knots; (c) Specimen 76 presents a high COV for the MOE which is not explained by a high
knotiness; (d) Specimen 89 shows a high COV for the MOE with a very good correlation with CWAR
values.



a probable correlation between the MOE and strength values at the weakest section of

the board.

The correlation between global MOE of a board and its tensile strength has been shown

to be low, and this was also the case in this study (R2 = 0.213, see Fig. 5a). It is therefore

of much interest to notice that a positive correlation between the MOE of the weakest

section and the tensile strength occurring frequently in the same region is observed,

reflected by a squared correlation coefficient of R2 = 0.509 (see Fig.5b).
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Figure 5. Correlations between MOE and tensile strength. (a) Correlation between the global MOE
vs. ft,0; (b) local MOE measured at the weakest cell and its corresponding tensile strength.

3.4 Variation of the modulus of elasticity

As it was shown in the previous section, the MOE can present a relatively high fluctu-

ation with respect to its global value. A large portion of the fluctuation can be directly

attributed to the presence of knots (see e.g. Fig. 4d). However, a high variation of the

measured MOE throughout the board was observed in knot-free regions, too (see e.g.

Fig 4c). For the purpose of this paper, this variation in the knot-free region is consid-

ered as a base variation of the MOE. A deeper analysis of the knot-free segments would

reveal the statistical characteristics of this base fluctuation, giving relevant information

for the development of a model for the simulation of the MOE variation.

For the following analysis, the concept of the serial lag-k correlation is used, which cap-

tures the correlation between each element of a vector and the corresponding k-shifted

element of the same vector. The serial lag-k correlation coefficients are computed for

the MOE variation of each board, similar as done by Showalter et al. (1987), Taylor and

Bender (1991) and Lam and Varoglu (1991). In order to capture the information con-

cerning the base variation of the MOE, only long enough clear-wood segments are con-

sidered. This segments are defined as a minimum of 7 contiguous cells (i.e. 700mm) in

each board with a KAR-value below 2%. This small accepted KAR-value allows for a few

extra boards to be chosen for the computation of the serial correlations.



An important aspect of the method used for the computation of the serial correlations

comprises the normalization of the MOE data of each board, so that they can all be

analyzed together. This process uses the same concept presented by Taylor and Bender

(1988) to map random variates belonging to one distribution to another one. In this

case, theMOE values of each board are fitted to a normal distribution and thenmapped

into a 𝒩(0, 1) distribution. This process brings the MOE data from different boards to

a common base level, which allows for a simultaneous analysis. It is also important to

notice that the tuples (En, En+k), used for the computation of each lag-k correlation,

always belong to a same board, i.e. the MOE values of the different boards are not

concatenated into a single vector to perform the correlation. Putting all the data into a

single vector would be a mistake, since cells of different boards would be mixed when

computing the serial correlations.

Figs. 6a–c show the computation of the first three serial correlations for the previously

defined clear wood segments. It can be noticed, that the serial correlation beyond lag-1

is practically non-existent (see Fig. 6d) and that even for the first lag the serial correlation
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Figure 6. Linear regression used to compute the first three lags of the serial correlation (Figs. (a), (b)
and (c)) and calculated serial correlations (d)



it is rather weak (R = 0.405). The values for the serial correlations can be taken from

Table 1, where, additionally to the mentioned clear wood segments, the serial correla-

tion coefficients for all the boards are presented (i.e. the serial correlations computed

for the whole dataset, without additional filtering). From here it can be seen, that the

process of filtering out the segments containing knots helps to improve the obtained

serial correlation values (from R = 0.330 to R = 0.405 for the first lag).

Table 1. First five serial correlation values computed for the clear wood segments and for all the seg-
ments without making any additional filtering

lag-1 lag-2 lag-3 lag-4 lag-5

clear wood1 0.405 0.103 -0.021 -0.153 -0.286
all segments2 0.330 0.000 -0.092 -0.170 -0.220
1 Segments containing a minimum of 7 contiguous cells in each board
with a KAR-value below 2%.

2 Every cell of each board is used for the analysis.

3.5 Variation of tensile strength

The estimation of the tensile strength variation along a single board presents some ap-

parent difficulties. The most evident of which is presented by the impossibility of taking

measurements in two short, consecutive regions, such as the basic units of 100mm

studied here. The second problem results from the different failure modes that can oc-

cur. In some cases cracks propagate throughout the whole board after the first failure,

leaving no long enough undamaged section to be tested again.

The tests performed on the oak boards exhibited a large amount of blunt failures, which

allowed to take the remaining parts and test them up to three times (only in one case

four tensile strengths were obtained). The results of this process can be seen in Fig. 7a,

where the boards tested in tension more than one time are presented, separated by

the assigned LS-grade.

It becomes evident that the variation of the tensile strength within a single board can be

extremely large. The relative increase between the strength of the weakest section and

the strength(s) of other (clear wood) sections can reach the order of six (see Fig. 7b). A

slight distinction is observed in this regard for the different LS grades, where grades LS10

and LS7 show larger relative differences between the strength of the weakest cell (first

failure of the full board length) and the strengths obtained by testing the fractured parts.

This is also somewhat expected, since a rather “good” board, denoted by a smaller size

of defects, will probably have high tensile strength values throughout its length, making

the variation less pronounced.

Since theweakest spotsmostly coincidewith the position of a knot, this information can

be used to quantify the effect of knots of different sizes (or more precisely, sections with

different KAR-values)with respect to the clearwoodproperties of the board. This can be
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Figure 7. Variation of the tensile strength between and along individual oak boards. (a) absolute
values; (b) values relative to the global failure. The results are divided into four different groups ac-
cording to the classification in LS-grades (DIN 4074-5, 2008). Global failures are marked with a black
edge and lighter color (always the lowest value for each board).

analyzed from different angles. Fig. 8a compares the tensile strength against the KAR-

value. It can be seen, that no correlation is obtained. This is so, because all strengths

measurements are treated equally, when they actually should be studied relative to

the other strengths in the same board (each board would have a different base tensile

strength). Another manner of observing the effect of the knotiness of a section is to

compare this value against the relative increase observed in the maximum value of the

other tested sections of the same board. Fig. 8b depicts this methodology and shows

that a moderate correlation can be obtained (R2 = 0.454).
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Figure 8. (a) Correlations between KAR-values at the weakest cells and their tensile strength; (b) Cor-
relation between KAR-values at the weakest cells and the maximum relative increase in strength for
the other tested parts of the same board. Only weakest sections with KAR > 0 (N=34) were used and
additional failures occurring in clear wood (N=21).

The rather moderate correlation is bound to the fact that knots do not represent the

exclusive property that determines the decrease in tensile strength along the board,

but interacts with other (defect) characteristics like grain deviation and density. Fur-

thermore, as already mentioned, it is not always possible to determine the exact region

where the failure began with sufficient certainty (although much care was taken to do

so), which introduces an additional error to the data.

However, the shown experimental results reveal the magnitude of the variation of the

tensile strength along oak boards, and their correlation with the elastic modulus and

knot area ratio. This information is of high usefulness in the further development of a

model to simulate the variation of both MOE and tensile strength within a board.

4 Simulation of mechanical properties along single
boards

The gathered experimental data provide relevant information about the variation of the

mechanical properties (MOE and ft,0) along the studied oak boards. The next logical step

consists in using this information in the development of a stochastic model to simulate

this intra-board variation. In the following, it is shown how these data can be used to

this end, based on the concept of an autoregressive model.

4.1 Autoregressive model applied to the simulation of MOE data

For the simulation of theMOE along the board, the approach used by Kline et al. (1986)

and Taylor and Bender (1991) was implemented, which represents the variation of the

MOE and tensile strength along each board as an autoregressive model. In its general

form, an autoregressive model for a variable Xt (MOE or ft,0) of order p has the form



Xt = C +

p

∑
i=1

φiXt−i + εt, (2)

where the values φi are the parameters of the model, C is a constant and εt is white

noise. According to the experimental results, an AR(1) model (order: 1) should be

enough to reproduce the observed variability of the MOE along the board. In such

case, the only parameter of the model, φ1, takes the same value as the obtained lag-1-

correlation, i.e. φ1 = 0.405. This model will generate data in a normal distribution

𝒩(0, 1), which then can be mapped into a distribution that represents the MOE values

of a given board (Taylor and Bender, 1988). With this, the model is fully determined

and can be used to simulate any number of oak segments.

However, the data generated by the model described in general do not delivers the

global value assigned to the board—i.e. the global MOE computed from the single cells

will notmatch theMOEassigned to thewhole board—,which is a result of the stochastic

nature of themethod. A correction is, therefore, required. For the case of theMOE, this

is done by simply shifting the data so that the resulting stiffness of the board, computed

from the individual values of each cell, matches the assigned global stiffness. The result-

ing global MOE is computed by means of Eq. (1) and the difference between this value

and the assigned global MOE is calculated. This difference is then added (summed) to

the generated data. In order to obtain a small error between this two values, this pro-

cess has to be repeated in an iterative way. In this case, five iterations were used, then

resulting in a negligible error.

4.2 Cross-correlation applied to the generation of the strength data

For the generation of the strength data along the board, the concept of a vector autore-

gressive model (VAR) was applied, which is used to correlate different time-series-like

variables. However, differently as in a typical VAR model, the generated data are based

on the already generated (autocorrelated) Xt data for theMOE. For this, the lag-0 cross-

correlation between the MOE and ft,0 is used. The model takes the following form:

Yt = C + ψ0Xt + εt, (3)

where Yt are the data needed to be generated (tensile strength), Xt are the data (MOE)

to be correlated to and ψ0 is the model parameter corresponding to the lag-0 cross-

correlation (ψ0 = 0.7). C and εt have the same meaning as before. Now, the reason

why the MOE data are generated in the 𝒩(0, 1) space becomes obvious: since the ft,0
data have to be correlated to the MOE values by means of the coefficient ψ0, the fact

that both variables correspond to the same distribution 𝒩(0, 1) spares the need to

compute a scaling factor between two different distributions.



Similar as for the MOE-data, a correction is applied to the strength values, which con-

sists of shifting the data so that the minimum value of each board equals the assigned

strength of the board.

4.3 Application of the described simulation model

The model was applied to two different configurations of boards (A and B), which were

assumed to have a different COVs for the variation in their elastic modulus and tensile

strength. This COVs, together with the mean values for the MOE and minimum values

for the ft,0 are presented in Table 2. The statistical distributions used for the properties

along the board correspond to lognormal distributions, since this ensures only positive

values to be generated.

Table 2. Coefficients of variation used for the MOE and ft,0 used for the simulations of boards A and B

Emean ft,0,min COVMOE COVft,0
[N/mm2] [N/mm2] [%] [%]

Board A 18 000 60 5 15
Board B 15 000 30 15 40

Figs. 9a,b show the results of the simulations performed given the parameters from

Table 2. From both figures the serial correlation in the MOE can be noticed, as well

as the cross-correlation between the MOE and ft,0. Although a setting of a high COV

for the modulus of elasticity (Board B) could be used to simulate sudden decreases in

the MOE, like the ones produced by the presence of knots (as seen in Fig. 9b), there

might be a better option to do it. Namely, this could be preferably achieved by creating

a low variability board (e.g. Board A, see Fig. 9a) and then include knots in a stochastic

manner to reduce the properties accordingly. Nevertheless, the presented approach
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Figure 9. Results of the simulations for the variation of MOE (continuous line) and ft,0 (dashed line).

(a) Board A: a board with low COV in the MOE (5%) and ft,0 (15%); (b) Board B: a board with higher

variation in its MOE (15%) and in its ft,0 (40%).



shows that an autoregressive model can be used to model the stochastic variability of

the mechanical properties along oak boards.

5 Conclusions

The variation of the mechanical properties (MOE and ft,0) of oak boards was studied

experimentally bymeans of a series of tensile tests. Measurements of theMOE over the

short lengths of 100mm allowed for the computation of serial correlation coefficients,

which, for clearwood segments, yielded a lag-1-correlationof 0.4. Due to the lowvalues

obtained for the rest of the lag-k correlation coefficients, it can be assumed that a serial

correlation of order larger than 1 has no relevance.

The analysis of the variation of the tensile strength within each board showed a large

relative increases in the strength of the cells that failed in the secondary tensile tests.

The magnitude of this increase was shown to have a relationship with the knot area

ratio (KAR), expressed by a linear regression with a squared correlation coefficient of

R2 = 0.45.

Although a very low correlation between global MOE and tensile strength was observed

(R2 = 0.21), it could be observed that a higher correlation was obtained between the

MOE of the weakest cell (the cell where the board failed) and the tensile strength (R2 =
0.51).

The gathered statistical information was used for a model to simulate the variation of

the MOE and tensile strength along the board. The model consists of two parts: the

first part generates the MOE data by means of an autoregressive model, and the sec-

ond part generates the strength values by means of a modified vector autoregressive

model. Overall, the model can simulate the MOE data in a good manner, when com-

pared to the experimental measurements, being able to replicate different COVs, de-

pending on the type of board that is needed. A further improvement to the model

would be the inclusion of a third variable accounting for the explicit location of knots

along the board, which could be combined with the simulated MOE and ft,0 values to

produce more realistic results.
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